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We prove the existence of an unbounded connected branch of nontrivial homoclinic 
trajectories of a family of discrete nonautonomous asymptotically hyperbolic systems 
parametrized by a circle under assumptions involving the topological properties of the 
asymptotic stable bundles. 
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o^- 1 Introduction 



It was shown in [T7] that the different twisting of the asymptotic stable bundles at plus 
and minus infinity of a family of discrete, nonautonomous, asymptotically hyperbolic systems 
parametrized by a circle, leads to the appearance of homoclinic trajectories bifurcating from 
■ the trivial branch of stationary solutions. 

In [T7], only small homoclinic trajectories close to the stationary branch were found. Here 
we will improve our previous results for the problem. It turns out that the same topological 
^ ; condition supplemented with other listed below, which ensure the properness of the nonlinear 
operator naturally associated to the problem, allows us to establish the existence of homoclinic 
trajectories of arbitrarily large norm. What is more, using the global bifurcation theory of 
[16] . we show the existence of connected branches of nontrivial homoclinics going from the 
stationary branch to infinity. 

Much as in our previous paper we will translate the appearance of homoclinic trajecto- 
ries into a problem of bifurcation of zeros of a parametrized family of C 1 -Fredholm maps 
G: S 1 x X — > X, where X is a function space naturally associated to the problem. Our 
approach uses a peculiarity of the topological degree for proper Fredholm maps of index zero. 
Namely, that it is preserved only up to sign under homotopies of Fredholm maps ([HI EES])- 
As a matter of fact, that the degree can change sign along a homotopy will be central to 
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our arguments. To say it shortly, we turn the lack of homotopy invariance of the degree of 
Fredholm maps into an useful instrument for the analysis of bifurcation phenomena. 

We refer to [HJ EOJ [211 EH 122] for other results on bifurcation of bounded solutions of 
difference equations, however to our best knowledge both the results and the methods of this 
paper are novel. The relation between the topological properties of the asymptotic bundles 
and bifurcation of homoclinics is far more subtle than the classical spectral analysis at the 
potential bifurcation points. Even for the simplest topologically nontrivial parameters space 
S 1 it requires topological instruments which at a first glance may appear unfamiliar to many. 
However we believe that the interest of the result and the generality of the method in proof 
provides enough reasons for its introduction. 

The paper is organized as follows. In Section 2 we introduce the problem and the basic 
invariant measuring the topological nontriviality of the asymptotic bundles. Then we state 
our main theorem about the existence of a connected branch of nontrivial homoclinic solutions 
which connects the stationary branch to infinity through homoclinics of arbitrarily large norm. 

In Section 3 we state and prove an index theorem for families of linear Fredholm operators 
which will be used in order to show that the twisting of asymptotic bundles forces the appear- 
ance of homoclinic trajectories (see also [61 123]). The proof is similar to the one given in [17] 
except for the fact that (in order to ensure properness of the relevant map) we have to work 
in a different function space (see also [121 1131 HI])- Section 4 is devoted to show that G is a 
continuous family of C 1 -Fredholm maps. The continuity and smoothness of G involves only 
standard arguments, many of them taken from [TH]. The Fredholm property is derived 
from the asymptotic hyperbolicity of the linearization at the stationary solution. In order to 
apply the global bifurcation theory for C 1 -Fredholm maps the map G has to be proper on 
closed bounded sets. Using ideas from [21] we will prove properness of G in Section 5 (see also 
[TTj). In Section 6 we discuss the generalized homotopy property of the topological degree 
constructed in [IB] and we prove our main theorem using the computation of the index bundle 
from Section 3 (see also |5J). Section 7 contains a nontrivial example illustrating our result. 



2 The main theorem 

All considered topological spaces are metric and all single- valued maps between spaces are 
continuous. Given a normed space (E, || • ||), B(x,r), and B(x,r), will denote the closed and 
open disk centered at x of radius r respectively. The Euclidean norm in M. d is denoted by | • | ; 
B d (x,r) (resp. B d (x,r)) is the closed (resp. open) disk centered at x e R d ; d > 1, of radius r. 
Additionally, throughout the article, a norm of a matrix M will be denoted by \M\. 

A nonautonomous discrete dynamical system on M. d (or is defined by a doubly infinite 
sequence of maps 

(1) f = {/„: R d ^R d | n G Z}. 
A sequence x = (x n ) which solves the equation 

(2) X n+X = f n (x n ). 

is called trajectory of the system. A constant trajectory of f is called stationary. In [TB] 
(j2J) is termed as "nonautonomous difference equation", its solutions are trajectories of the 



2 



corresponding dynamical system. 




In what follows we always assume that each f n is at least C 1 and that / n (0) = 0. In this 
case the sequence = (0 n ) is a stationary trajectory of f. A trajectory x = (x n ) of f is called 
homoclinic to 0, or simply a homoclinic trajectory, if lim x n = 0. The stationary solution 

is trivially homoclinic to itself. Here we will be interested in nontrivial trajectories homoclinic 
to 0. Every homoclinic trajectory of f belongs to the space 

c(M d ) := i x: Z -> R d lim x n = 

! |n[— Kxi 

equipped with the norm := sup \x n \ (see [H]). However in this paper we restrict ourselves 

to the following space 

1* := jx: Z-*-R d ||x|| := (V" \x„A < oo } C c(R d ). 



The value x(n) = x n of an element x 6 l 2 for n e Z will be denoted also by p n ( x ) according 
to the convenience. 

We will show below that, under appropriate assumptions on the dynamical system f, the 
Nemytskii (substitution) operator F: l 2 — y l 2 given by 

(3) F(x) = (f n (x n )) 

is a well defined C 1 -map verifying F(0) = 0. In this way nontrivial homoclinic trajectories 
become the nontrivial solutions of the equation Sx — -F(x) = 0, where S: 1 — > 1 is the shift 
operator given by 

(4) Sx=(x n+1 ). 

It should be noted that we have considered the space l 2 here because on this space we are 
able to provide simple conditions which are necessary and sufficient for S — F to be proper on 
closed bounded subsets of l 2 . 

The linearization of the system f at the stationary solution is the nonautonomous linear 
dynamical system a: Z x M. d — > M. d defined by the sequence of matrices (a n ) C M dxd , with 
a n = Df n (0). The corresponding linear difference equation is defined by 

(5) 3^n+l = Q"n%n- 

We will deal only with discrete nonautonomous dynamical systems whose linearization at 
is asymptotic for n — > ±oo to an autonomous linear hyperbolic dynamical system a (i.e., 
verifying a n = a for all n G Z, where a is a hyperbolic matrix). We will call systems with the 
above property asymptotically hyperbolic. 

An invertible matrix a is called hyperbolic if a has no eigenvalues of norm one. The spectrum 
cr(a) of a hyperbolic matrix a consists of two disjoint closed subsets a s = a(a) fl {\z\ < 1} 
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and <j u = cr(a) D {\z\ > 1}, which implies that M. d has an a-invariant spectral decomposition 
M. d = E s (a) © E u (a), where E s (a) (respectively E u (a)) is the direct sum real parts of the 
generalized eigenspaces corresponding to eigenvalues of a inside of the unit disk (respectively 
outside of the unit disk). 

The spaces E s l u (a) are the stable and unstable subspace of the autonomous dynamical sys- 
tem associated to a respectively, since^ G E s (a) if and only if lim a n ( = 0, while ( G E u (a) 

n— >co 

if and only if lim a~ n ( = 0. 

A C 1 -family of dynamical systems parametrized by the unit circle S 1 is defined by a sequence 
of maps 

(6) f = {/„: S 1 x R d ->■ R d | n G Z} 

such that f n is C 1 , for all fiGZ. 

In what follows we will also assume everywhere that / n (A, 0) = 0, for all A G S 1 and n G Z. 
We will use fA to denote the dynamical system corresponding to the parameter value A. We will 
use fA to denote the dynamical system corresponding to the parameter value A. Alternatively 
one can think of f as a double infinite sequence of C 1 -maps /„ : [a, b] x M. d — y M. d such that 
f n (a, — ) coincides with /„(&, — ) up to the first order. 

We will say that (A, x) is a homoclinic solution for the family f if (A, x) solves the parameter- 
dependent difference equation: 

(7) x n+ i = f n (X,x n ), for all n G Z, 

or equivalently, if x homoclinic trajectory of the dynamical system fA. Homoclinic 

solutions of (|7j) of the form (A, 0) are called trivial and the set S 1 x {0} is called the trivial or 
stationary branch. 

Our aim is to show how the topology of the parameter space S 1 , on which our dynami- 
cal system depends, forces the appearance of branches of homoclinic trajectories connecting 
small homoclinic trajectories to the arbitrarily large ones. For this we will apply the global 
bifurcation theory for families of C 1 -Fredholm maps established in [16] to the family defined 
by 

(8) G(A,x) = 5x-F(A,x), 

where F: S 1 x l 2 — y l 2 is the parametrized substitution (Nemytskii) operator F(A,x) : = 

(/n(A,2C n )). 

We will assume that the family of discrete dynamical systems f : Z x S 1 x IR d — y W 1 satisfies 
the following conditions: 

(Al) For any M > and e > there exists < 5 < M such that for all (Ai,xi), (\2,X2) G 
S 1 x Bd(0, M) with d((Ai, xi), (A 2 , x 2 )) < 5 one has 



sup 



<9/n(Ai,xi) df n (X 2 ,x 2 ) 



dx dx 



< e and sup 



<9f n (Ai,xi) df n (X 2 ,x 2 ) 



d\ dX 



where d is the product distance in the metric space S 1 x c I 2 x TC ' " 



< e, 
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(A2) The family of matrices 



On(A) := 5 — ■> a(A, ±00) 

(uniformly with respect to A G S* 1 ), where a(A, ±00) is a hyperbolic matrix. Moreover, 
we assume that for some (and hence for all) A G S 1 , the limits a(A, +00) and a(A, —00) 
have the same number of eigenvalues (counting algebraic multiplicities) inside of the unit 
disk. 

(A3) There exists Ao G S 1 (say A = 1) such that the following two difference equations 

x n+l — fni\i x n) an d x n+l = 0>n(X) x n 

admit only the trivial solution (x n = 0)nez- Equivalently, f(l) and a(l) have no nontrivial 
homoclinic trajectories. 



fn(\ x ) — > f±(\,x) 

n— >±oo 



(^44) For any x eR d and A G S 1 , 



(uniformly with respect to any bounded set B C Mr) and the following two difference 
equations 

x n+1 = f+(\,x n ) and x n+l = /f°(A,x n ) 
admit, for any A G S 1 , only the trivial solution (x n = 0) ne z- 

It follows easily from (A2) the map A — > a(A, ±00) is a continuous family of hyperbolic 
matrices. Moreover, the vector spaces E S (X, ±00) and E U (X, ±00) whose elements are the 
real parts of the generalized eigenvectors of a(A, ±00) corresponding to the eigenvalues with 
absolute value smaller (respectively greater) than 1 are fibers of a pair of vector bundles 
E s (±oo) and E u (±oo) over S* 1 which decompose the trivial bundle 0(M d ) with fiber M d into 
a direct sum: 

(9) E s {±oo) ®E u (±oo) = Q(R d ). 

The vector bundles E s (±oo) and E u (±oo) will be called stable and unstable asymptotic bun- 
dles at ±00. Our main theorem relates the appearance of homoclinic solutions to the topology 
of the asymptotic stable bundles E s (±oo). In what follows it will be convenient to work with 
the multiplicative group Z 2 = {1, —1} instead of the standard additive Z 2 = {0, 1}. A vector 
bundle over S 1 is orientable if and only if it is trivial, i.e., isomorphic to a product S 1 x M fc . 
Moreover, whether a given vector bundle E over S 1 is orientable or is not is determined by a 
topological invariant W\(E) G Z 2 . 

In order to define wi(E) let us identify S 1 with the quotient of an interval / = [0, 1] by 
its boundary dl = {0,1}. If p: [0,1] — > S 1 = I/dl is the projection, the pullback bundle 
p*E = E' is the vector bundle over I with fibers E[ = E p uy Since / is contractible to a 
point, E' is trivial and the choice of an isomorphism between E' and the product bundle 
provides E' with a frame, i.e., a basis {ei(t), ek(t)} of E' t continuously depending on t. 
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Since E' Q = E p ^ = E p ^ = E[, {ej(0) | 1 < i < k} and {e;(0) | 1 < i < k} are two bases of 
the same vector space. We define Wi(E) G Z 2 by 

(10) wi(E) : = signdetC, 

where C is the matrix expressing the basis {ej(l) | 1 < i < k} in terms of the basis {ej(0) | 
1 < i < k}. 

Clearly, Wi(E) is independent from the choice of the frame. Moreover, Wi(E) = 1 if 
and only if E is trivial. Indeed, if E is a trivial bundle, then by definition, W\(E) = 1. 
On the other hand, if W\(E) = 1, det C > 0, and there exists a path C{t) with C(0) = 
C and C(l) = Id. Then fi(t) = C(t)ei(t) is a frame such that fi(0) = fi{l) and hence 

, X\ , . . . , Xk ) 

K J2i=i x ifi{t) ) is an isomorphism between S 1 x R k and E. 

Under the isomorphism if^S* 1 ;^) = Z2, the invariant W\(E) can be identified with the 
first Stiefel- Whitney class of E. 

A point A* G S 1 is a bifurcation point for homoclinic solutions of ([7]) from the trivial branch 
of stationary solutions % = {(A,0) | A G S 1 } if in every neighborhood of (A*,0) there is a 
point (A,x) such that x is a nontrivial homoclinic solution of x n+ \ = f n (X,x n ). 

Bifurcation points from infinity are defined in a similar way. Namely, A* G S 1 is a bi- 
furcation point from infinity for homoclinic solutions of ([7j) if there is a sequence (X n , x n ) of 
homoclinic solutions of ([7]) with A„, > A* and ||x„|| > 00. Due to the compactness of 

S 1 , any unbounded sequence of solutions contains a subsequence (A n ,x„) such that A„, con- 
verges to a bifurcation point from infinity. By B (resp. B^) we will denote the set of all 
bifurcation points of ([7j) from the trivial branch of stationary solutions (resp. the set of all 
bifurcation points of ([7]) from infinity). 

In order to state our result in a more symmetric form we will introduce the trivial branch 
at infinity. The one point boundification of a normed space E is the topological space E + : = 
E U {00} with a base of neighborhoods of {00} given by D U {00}, where D is a complement of 
a closed bounded subset of E. Notice that if A C E is a closed and locally compact subset of 
E, then its closure A = A U {00} in E + is the one-point compactification A + of A. A sequence 
in x n G E such that \\x n \\ > 00 converges to the point {00} in E + . By definition the subset 

n— >oo 

7^o = {(A, 00) I A G S 1 } of S 1 x l 2 is the trivial branch at {00}. 
The main result of this paper reads as follows: 

Theorem 2.1. If the system (\6§ verifies (Al)-(A4:) and if 

(11) w 1 (E s (+oo))^w 1 (E s (-oo)), 
then: 

[i] The connected component Cq of % in the set S C S 1 x l 2 of all homoclinic solutions of 
([7j) is unbounded. In particular, both Bq and B^ are nonempty. 

[ii] The set So = S — 7o of all nontrivial homoclinic solutions of ([7j) contains a continuum 
(i.e., closed connected subset C) whose closure C in S 1 x 1 2+ intersects both % and Too- 
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Therefore, not only Bo and are not empty but there is a connected branch of nontrivial 
homoclinic solutions of © connecting B = B x {0} to = B^ x {oo}. The theorem will 
be proved in Section 6. The main ingredients of the proof are the computation of the index 
bundle of the family of linearized equations at the trivial branch in terms of the asymptotic 
stable bundles at ±00 and the generalized homotopy property of the base point degree of the 
family of induced Fredholm maps. The next section is entirely devoted to the first of the above 
mentioned tools. 

3 The index bundle 

Our goal here is to establish the Fredholm property of operators induced on functional 
spaces by a linear asymptotically hyperbolic systems and to compute the index bundle of 
a parametrized family of such operators. 

Let us shortly recall the concept of the index bundle of a family of Fredholm operators. 
For a comprehensive presentation see [15] or [3]. By C(X, Y) (resp. £{X)) we will denote the 
space of bounded linear operators between two Banach spaces X and Y (resp. from X into 
itself). A bounded operator T G £(X,Y) is Fredholm if it has finite dimensional kernel and 
cokernel. The index of a Fredholm operator is by definition ind T := dim Ker T — dim Coker T. 
The space of all Fredholm operators will be denoted by $(X, Y) and those of index k by 
$ fc (X, Y). For each k, & k (X,Y) is an open subset of C(X, Y). 

The index bundle extends to families of Fredholm operators the notion of index of a single 
Fredholm operator. 

Let {L\ : X — > Y ; A G A} be a family of Fredholm operators depends continuously on a 
parameter A belonging to some compact topological space A. If the kernels Ker L\ and cokernels 
Coker L\ form two vector bundles Ker L and Coker L over A, then, roughly speaking, the index 
bundle is the difference KerL — Coker L, where one gives a meaning to the difference of two 
vector bundles by working in the Grothendieck group KO(A), which by definition is the group 
completion of the abelian semigroup Vect(A) of all isomorphism classes of real vector bundles 
over A (generalizing the fact that Z is the group completion of the semigroup N). The elements 
of .fTO (A) are called virtual bundles. Each virtual bundle is a difference [E] — [F], where E, F 
are vector bundles over A and [E] denotes the corresponding element of KO(A). One can show 
that [E] — [F] — in KO(A) if and only if the two vector bundles become isomorphic after 
the addition of a trivial vector bundle to both sides. Taking complex vector bundles instead 
of the real ones leads to the complex Grothendieck group denoted by K(A). In what follows 
the trivial bundle with fiber A x V will be denoted by Q(V) and 0(IR d ) will be simplified to 

For a general family L : A — > $(X, Y) neither the kernels nor the cokernels of L\ will form 
a vector bundle. However, since Coker L\ is finite dimensional, using compactness of A, one 
can find a finite dimensional subspace V of Y such that 

(12) ImLx + V = Y for all A G A. 

Because of the condition ffl2|) the family of finite dimensional subspaces E\ = L^iV) 
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defines a vector bundle over A (see [15]) with total space 

E = |J {A} x E x . 

AeA 

By definition, the index bundle is the virtual bundle: 

(13) IndL = [E] — [9{V)] G KO(A). 

The index bundle have the same properties as the ordinary index. Namely, homotopy 
invariance, additivity with respect to directs sums, logarithmic property under composition 
of operators. Clearly it vanishes if L is a family of isomorphisms. We will mainly use in the 
sequel: 

(i) Homotopy invariance: Let H : [0, 1] x A — > $>(X,Y) be a homotopy, then Indifo = 
Indifi. In particular, Ind (L + K) = IndL, if K is a family of compact operators. 

(ii) Logarithmic property: Ind (LM) = Ind L + Ind M. 

We will mostly work with families of Fredholm operators of index 0. The index bundle of a 
family of Fredholm operators of index belongs to the reduced Grothendieck group KO(A), 
i.e., the subgroup generated by elements [E] — [F] such that dimi^ = dimF A . It can be shown 
that any element rj G KO{A) can be written as [E] - [G N ). Moreover, [E] - [G N ] = [E'\ - [0 M ] 
in KO(A) if and only if there exist two trivial bundles and 0' such that E(BQ is isomorphic 
to E' © 0', (see Theorem 3.8]). 

The rest of this section is devoted to the computation of the index bundle of the fam- 
ily of operators associated to a family of linear asymptotically hyperbolic systems. 

Let GL(d)be the set of all invertible matrices in M dxd , a map a: Z x S 1 — > GL(d) is a 
family of linear asymptotically hyperbolic systems if 

(a) As n — > ±oo the sequence a(A) = (a n (A)) converges uniformly with respect to A G S 1 to 
a family of matrices a (A, ±oo). 

(b) a(A, ±oo) G GL(d) is hyperbolic for all A G S 1 . 

It is easy to see that (a) implies that a ± : S 1 — > GL(d) given by a ± (A) := a(A, ±oo) are 
continuous functions of A. 

We associate to the family a: Z x S 1 — > GL(d) the family of linear operators 

L={L A :1 2 ^1 2 |AGS 1 } 

defined by La = S — A\, where S is the shift operator and A\ \ l 2 — > l 2 is the substitution 
operator Aax:= (a n (X)x n ). Since the sequence (a n (A)) converges, it is bounded, from which 
follows immediately that A\ and L\ are well defined bounded operators. 

Lemma 3.1. The map A: S 1 — > jC(\ 2 ) defined by A(X) := A\ is continuous with respect to 
the norm topology o/£(l 2 ) . Hence the same holds for the family L. 



8 



Proof. Fix x = (x n ) G 1 . Then 

\\{A(X) - A(/i))x|| 2 = ^ l( a n(A) - a n (fl))x n \ 2 < ^ KM ~ On (^) | 
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Furthermore, |a n (A) — a n (//)| < |a n (A) — a ± (A)| + |a n (/i) — a ± (/i)| + |a ± (A) — a ± (yu)|. Fix e > 0. 
Then Assumption (a) implies that there exists n > such that 

|a n (A) — a + (A)| < e/3 for all n > n and for all A G S l , 
|o n (A) — a_(A)| < e/3 for all n < —n and for all A G S 1 . 

Moreover, there exists 5 > such that if <i((A, 0), (/x, 0)) < 5, A, /i G 5 1 , then 

l a ±(A) — a ± (/i)| < e/3 and |ctfc(A) — a k {ji)\ < e/3 for all — n < k < n . 

Finally, taking into account the above considerations, one obtains that 

||(,4(A) - A(/i))x|| 2 < KW - an(n)\ 2 \x n ? < J2 £2 \ Xn \ 2 = £2 H X II 2 

ngZ n&L 

provided d((X, 0), (/x, 0)) < 5, which implies that A is continuous with respect to the norm 
topology of £(1 2 ). □ 

Clearly, x = (x n ) G l 2 verifies a linear difference equation x n+ \ = a n (X)x n if and only if 
L A x = 0. By the discussion in the previous section the families a(A, ±oo) G GL(d) define two 
vector bundles E s (±oo) over S 1 . The next theorem relates the index bundle of the family L 
to E s (±oo). 

Theorem 3.2. Let a: Z x S 1 — > GL(d) be a continuous map verifying (a) and (b). Then the 
family L : S 1 — > £ (l 2 ) verifies: 

(i) L\ is a Fredholm operator for all A G S 1 . 

(zi) IndL = [^ s (+oo)] - [^ s (-oo)] G KO(S l ). 

In particular, applying to IndL the rank homomorphism, rk([i?] — [F]) = dim Ex — dimFx, 
we obtain 

indL A = dimE^+oo) - dimE s (-oo). 

Proof. The proof is similar to the proof of Theorem 4.1 in [T7j. However, since here we are 
working on a proper subspace 1 of c(IR d ) we have to check that our all constructions can be 
done in this subspace. Hence for the convenience of the reader we will recall the main steps 
of the proof pointing out the differences with [17]. 

First of all we will show that the calculation of the index bundle of L can be reduced to 
the case of the operator associated to a family of dynamical systems of a special form a given 
by 



(14) a(n,A) = (a n (A)) 



a(A, +oo) if n > 0, 
a(A, — oo) if n < 0. 
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Denoting with A\ G £(1 2 ) the operator associated to a,\, we will show that the operator 
B\ = A x — A\ is a compact operator for any A. 

Let b n (X) = a n (X) — a n (A), then B\ is given by B\jl = (b n (\)x n ). Define 



(15) B?x 



b n (X)x n if \n\ < m, 
if Inl > m. 



Clearly ImB™ is finite dimensional. Let us show that 

(16) sup \\(B X -B^)x\\ >0, 

||x|| = l m ~ > °° 

for x G X. Observe that 

(17) \\(B X -B?)x\\= KWxn\ 2 > l&n(A)x„,| 2 = IK^-fi^xH, 

|n|>m |n|>m+l 

for all m G N. Since lim b n (X) = 0, we infer that for all e > there exists hq > such that 

|n|— >oo 

for all |n| > no and ||x|| = 1 one has \k n (\)x n \ < e. Consequently for all e > there exists 
n > such that 

(18) sup WiBx-B^M <e. 

||x|| = l 

Now taking into account f|T71) and f|T5]) . we deduce that for all e > there exists n > such 
that for all m > n one has 

sup IKflA-SjflxH <e, 

l|x|]=l 

which proves (1161) . Being limit of operators of finite rank, each operator B\ is compact. 

Let L\ = S — A\. Then L\ — L\ = B\ and hence the family L differs from the family L by a 
family of compact operators. Therefore L\ is Fredholm if and only if L\ is Fredholm. Moreover 
being the index bundle invariant under compact perturbation we have that IndL = IndL. 
Therefore, in order to prove the theorem we can assume without loss of generality that a has 
already the special form of (TH|) . which we will do from now on. 

Let us introduce two scales \ k of closed subspaces of l 2 defined respectively by: 

lfe := {x G l 2 | x n = for n < k}, L7 := {x G l 2 | x n = for n > k}. 

We put X + = Y + = 1q and X~ = 1 , Y~ = P 1 and consider the operator /: Y~ © Y + ->■ X 
defined by J(x, y) = x + y, the operator J: X — )■ X~ © X + defined by 



(x ,x ) if n = 0, 
(x n , 0) if n < 0, 



J(x)(n) = 

and two operators : X + / _ — >■ defined respectively by 
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(L A +x )W = if -so. and(L - x)M = |o »»>-i. 

I (J it n < 0, I x n+ i — a(A, —oc)x n it n < — 1. 

With the above definitions we factorize L\ through the following commutative diagram: 

(19) 



x~ © x + — ^ y- © y- 



j 

X ^ -X 

Our next step is to show that : X ± — > Y ± are Fredholm and compute their index 
bundles. 

Lemma 3.3. Let a G GL(d) be a hyperbolic matrix. Then the operator S — A: Iq" — > Iq" defined 
by 

x n+ \ — ax n if n > 0, 
if n< 0, 



((5-A)x)(n) 



zs surjective with Ker (S - A) = {x G 1| | #n+i = a n x$ for all n > and Xo G ^(a)}. 

This lemma was proved in [H Lemma 2.1] for the operator induced in := {x G c(M a! ) | 
Xi = for i < 0} by constructing an explicit right inverse R to the operator S — A: Cq — > Cq", 
via the convolution with the matrix function g(n) = a n_1 (l^+(n)Id]Rd — P"), where P" is the 
projector on the unstable subspace and Z + = {1,2, ...}. They prove that function g belongs 
to / 1 (Z, ]R dxci ). But the convolution with a matrix function in / 1 (Z, R dxd ) sends l 2 into itself. 
Hence the assertion of this lemma is also true for S — A : Iq — > Iq . For the assertion regarding 
the kernel is enough to observe that if x = (x n ) G and x n+ \ = a n Xo for all n > and 
xo G E s (a), then the spectral radius theorem guarantees that x G \q . □ 

By Lemma [3.31 

(20) KerL+ = {x G X + \ x n = a{X,+oo) n x and x G P s (A,+oo)}. 

Hence the transformation x4io defines an isomorphism between KerL + and E S (X, +oo), 
which is finite dimensional. Being Coker L\ = {0}, L\ is Fredholm with ind L\ = dim P S (A, +oo) 
Clearly the index bundle IndL + = [P s (+oo)]. 

The remaining part of the proof is identical to that of Theorem 4.1 in [17] . Namely, we 
reduce the calculation of Ind L~ to Lemma I3T31 by showing that L~ is conjugated to a surjective 
operator of the same form as L + whose kernel bundle is isomorphic to E u (\, — oo). Thus we 
obtain that Ind L + = [E s (+oc)} and IndL - = [E u (— oo)]. Observing that / is an isomorphism 
and and J is a monomorphic Fredholm operator of index —d, from the commutativity of the 
diagram it follows that, for each A, L\ = I(L^ © L\) J is Fredholm of and 
(21) 

ind(L A ) = dimP s (A, +oo) + dimP u (A, -oo) -d= dimP s (A, +oo) - dimP s (A, -oo). 

Noe (ii) follows from the logarithmic and direct sum properties of the index bundle, by con- 
sidering / and J as constant families with Ind 1 = 0, Ind J = — [0(lR d )]. 



11 



We obtain 

IndL = [E u (-oo)} + [E s {+oo)] - [Q(R d )] = [E s (+oo)] - [E s (-oo)\, 
which proves (ii). □ 

Remark 3.4. In the proof we have shown that in the case of systems of the special form 
(JHJ) elements ofKerL\ are sequences (x n ) G X such that x G E s (\,+oo) n E u (\, —oo) and 
x n = a(X, +oo) n xo, for n > and x n = a(A, — oo) n xo, for n < 0. 

The obstruction wi(E) to the triviality of a vector bundle E over S l defined in Section 2 
induces an isomorphism w\\ KOi^S 1 ) —> Z 2 by putting 

(22) w 1 ([E]-[F})=w 1 (E)w 1 (F). 
From this and Theorem 13.21 we obtain: 

Corollary 3.5. 

(23) wi(IndL) = wi(£ s (+oo)wi(£ s (-oo)). 



4 The continuity smoothness and the Fredholm prop- 
erty of the family G(A, x) = 5x — F(X, x) 

In this section we will study the differentiable properties of a nonlinear operator G induced by 
a discrete nonautonomous system (J7J) parametrized by a parameter space S 1 and Fredholmness 
of an operator D X G. We keep the notations and assumptions from Section 2. For any x G l 2 
define 

{m F(A,x) = (/ n (A,x n )), F^(A,x) = (^(A,x n )), 

1 ' G(A,x) = 5x-F(A,x), G£(A,x) = 5x-F~(A,x). 

Proposition 4.1. Under Assumptions (Al)-(AA), F(A,x), F|°(A,x), G(A,x) an<iG^(A,x) 
belong to l 2 , /or eac/i A G S* 1 and x G l 2 . 

Proof. First of all we will need the following lemma, which will be used repeatedly in what 
follows. Working on any coordinate chart of S l we will denote with A also the coordinate of 
the point A 6 S 1 . 

Lemma 4.2. Assumptions (Al)-(A2) imply that 
sup 

(n,\,y)eZxS 1 xB d (0,M) 

for any M > 0. 



dfn(Ky) 
dx 



< oo and 



sup 

(n,u,v)eZxS 1 xB rl (0,M) 



< oo 
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Proof. Let us observe that from Assumption (A2) it follows easily that 



(25) 



C := sup 

(n,A)eZx5 1 



dx 



< oo. 



Fix M > and e > 0. Let 5 > be as in Assumption (Al). Take (n, X,y) E Zx S 1 x B d (0, M). 
Then there exists n > such that Uq < M/5 < Uq + I. Furthermore, there exist < k < n + l 
and points y = 0,y u ...,y k ^,y k = y G B d (0,M) such that - y i+x \ < 5, for i = 0, fe - 1. 
Thus 



9fn{Ky) 



dx 



< 



df n (\,0) 



dx 



df n (\,yi) df n {\,0) 



dx 



dx 



df n {X,y 2 ) 9/ ft (A,3/i) 



9a; 



<9x 



+ . . .+ 



df n (X,yk-i) df n (\,y k - 2 ) 



dx 



dx 



dfn(Ky) _ df n {\y k -i) 
dx 



dx 



<C + ke <C + (n + l)e, 



where Co is as in ( |25l) . Observe that — ^— - — = 0, for all // G S* 1 and nGZ. It follows from 

the fact that / n (/x, 0) = 0, for all /i G S* 1 and n G Z. Consequently, by the same reasoning as 
above, one can conclude the second part of the assertion of the lemma. □ 

Now fix x G l 2 and A G S 1 . Let M := sup |x(n)|. Then Lemma [4.21 implies that 



C := sup 

(n,y)£ZxB d (0,M) 

Hence, using the mean value theorem, we get 
(26) |/„(A,y)| = |/„(A,y)-/ B (A,0)|< 

Consequently, 



dx 



< oo. 



sup 

se[o,i] 



9f n (X,sy) 



dx 



\y\<c\y\. 



||F(A ) x)|| = ||(/ B (A,x(n)))||<C||(x(n))||=C||x| 
which implies that F(A,x) and hence also G(A,x) belong to l 2 . 



On the other hand, \f n (\y)\ 



n— >±oo 



> \f±(X,y)\. Thus, after passing to the limit in (T56 



as n — > ±oo, we get \f±(X,y)\ < C\y\, for all y G Bd(0, M). From which it follows that 
H-F^AjX)!! < C||x||. Therefore, F|°(A,x), and G£(A,x) belong to l 2 . □ 

Using once again Lemma [4.21 we define two families of linear bounded operators T : S l x 
l 2 -> £(1 2 ) and f : S 1 x l 2 -> £(R, l 2 ) by 



(27) 



T(A,x)y:= 



df n (\,X r 

dx 



y n and T(A,x)z := 



df n {\x n ) 
dX 



for x = (x n ),y = (y n ) G l 2 , A G S 1 and z G 
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Proposition 4.3. The map F: S 1 x l 2 — > l 2 defined in ( |24|) is C x . Moreover, D x F(X 1 x) = 
T(A,x) andD x F(X,x) = T(A,x). 

Proof. Observe that it suffices to prove that D X F and D\F exist and are continuous on S 1 x l 2 . 
Firstly we prove that D X F exists and D x F(X,x) = T(A, x). Fix x G 1 and A G S 1 . Then 



i?(x, h; A) := ||F(A, x + h) - F(X, x) - T(A, x)h|| 



(28) 



E 



/ n (A, X n + h n ) - f n (X, X n ) - ^f n ^ Xn \ r 

OX 



1/2 



where h G l 2 and A G S 1 . We are to show that i?(x, h; A)||h|| 1 — > as ||h|| — > 0. Let 



c n (h; A) := sup 

se[o,i] 



df n (X,x n + sh n ) df n (X, 

•En ) 



dx 



dx 



for fiGZ. Then Assumption (Al) implies that 



Then 



sup c n (h; A) > 0. 

n£Z ' l|h|K0 



f ( \ J- h \ f ( \ \ ^/n (A, X^ 

In \ " i -^n ~r " n J Jn ^ ^ ; n / d~X 

1 <9/ n (A, x n + sh n ) h ^ _ df n (X,x n ) h 



\K 



dx dx 
df n (X,x n + sh n ) df n (X 



< 







dx 



dx 



ds < 



\h n \ / c n (h; X)ds < \h n \ sup c n (h; A). 



Hence, taking into account f l2"S|) . we infer that 



(29) 



< -R(x, h; A) < ||h|| sup c n (h; A), 



which implies that #(x, h; A) || h|| _1 ->• as ||h|| -)> 0. Now we will show that T : S 1 x l 2 -» £(1 2 ) 
is continuous. To this end, observe that 



(30) 



||(T(A,x)-T( /U ,y))z|| 2 = ^ ( 



df n (X,x(n)) 9/ n (//,y(n)) 



9a; 



(9a; 



zin 



< 



flfci 



0/ n (A,x(n)) df n (n,y(n)) 



dx 



dx 



z m 



Assumption (Al) implies that for any M > and e > there exists 5 > such for all 
(Ai, xi), (A2, £2) G S 1 x M d with c?((Ai, xi), (A2, £2)) < ^> one nas 



sup 



5/„(Ai,Xi) df n (X 2 ,x 2 ) 



dx 



dx 



< 6. 
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Fix x G l 2 and e > and take S > as above (for M := 2||x||). Let d((X, 0), (/i, 0)) < 
min{<5/4, ||x||} and ||x — y|| < min{<5/4, ||x||}. Then for any k G Z one has |x(/c) — y(A;)| < 
||x — y|| and 



0/ fc (A,x(fc)) df k (ii,y(k)) 



0/„(A,x(fc)) df n (n,y(k)) 



Thus, taking into account (130]) and fl3T|) . we infer that 

||(T(A,x) -T(/i,y))z|| 2 < 5> 2 |z(n)| 2 = £ 2 ||z|| 2 

provided d((A, 0), (/x, 0)) < min{<5/4, ||x||} and ||x — y|| < min{5/4, ||x||}. Consequently, we 
deduce that T is continuous (with respect to the norm topology of £(1 2 )). 

Finally, it is not hard to see that the same reasoning as above implies that D\F(\,x) = 
T(A,x) and that D\F is continuous on S 1 x l 2 . This completes the proof. □ 

Now we will show that, for each A G S 1 , G\ is Fredholm map of index 0. Namely, D X G(X, x) 
is a Fredholm operator of index for all (A, x). For this purpose we need to prove the following 
lemma. 

Lemma 4.4. Under Assumptions (A1)-(A2), for any x = (x n ) G c(M o! ) ; one has 
df n (X,x n ) 



dx 



n— y ±oo 



> a(A, ±oo) (uniformly with respect to A G S ) 



Proof. Fix x G c(IR d ) and e > 0. Then Assumption (Al) implies that there exists 5 > (for 
M := 211x1100) such that 



xes 1 



dfk(\,y) df k (X,0) 



< e. 



Since x n 



n— >±oo 



dx dx 

-> 0, it follows that there exists n > such that IxJ < 5 for In j > n . Hence 



Vi 



fc|>n VagS 1 



df k {X,x k ) df k (X,0) 



dx dx 
Now the assertion of lemma follows from Assumption (A2). 



< e. 



□ 



Theorem 4.5. Under Assumptions (A1)-(A2), the map G is C 1 . Moreover, for any X G S 1 
the map G\: l 2 — > l 2 is a Fredholm map of index 0. 

Proof. From Proposition 14.31 it follows directly that the map G(X,x) := Sx — F(A,x) is C 1 . 



Fix x G l 2 and A G S 1 . Let a n (A,x n ) :- 



df n (X,x n ) 
dx 



From Proposition 14.31 it follows that 



D X G(X, x) is the operator L\ : l 2 — > l 2 defined by 
(32) L x y = [y n +i - a n (X, x n )y n ). 

Assumption (A2) and Lemma H31 imply that a = (a n (X, x n )) is asymptotically hyperbolic. 
Consequently by Theorem 13.21 the operator L\ is Fredholm with index given by (12 lj) . Thus 
indL^ = 0, since by (A2) the stable subspaces at ±oo have the same dimension. □ 
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Lemma 4.6. For any bounded sequence (x n ) C l 2 the family of functions {G(-,x n ): S 1 — > 
l 2 }nGZ is equicontinuous. 

Proof. First observe that there exists M > such that |x n (/c)| < ||x n || < M for n G N and 
fcsZ. From Lemmas 14.21 and 14.31 it follows that 

L M := sup \\D\G(fj,,x)\\ < oo. 

(/i,x)gS 1 xB(0,M) 

Integrating D\G([i, x) over an arc of the circle joining Ai with A2 we get 

||G(A 2 , x n ) - G(Xi, x n ) || < L M dist (A 2 , A a ) 
which implies the equicontinuity of the family {(?(•, x n ): S 1 — > l 2 } mgZ . □ 

5 Properness 

We are going to discuss a properness criterion for the map G adapting to our framework the 
approach used in [24] . 

Definition 5.1 ([24]). We say that a sequence (x n ) in I 2 vanishes uniformly at infinity if, for 
all e > 0, there exist n$ G N and mo G N such that \Xn(m)\ < e for all n > uq and for all 
\m\ > itlq 

Lemma 5.2. Let x G l 2 and let (x n ) C l 2 . Then x n v x weakly in l 2 if and only if (x n ) is 

n—>oo 

norm bounded in l 2 and pfc(x n ) > Pfe(x), for all k G Z, where pt ■ l 2 — > K are t/ie canonical 

n—>oo 

projections. 

Proof. This is proved in [4} Theorem 14.4]. □ 

Lemma 5.3. Let (/i n ) C Z fre a sequence such that lim |/i„| = 00 and /et x G l 2 . Define the 
sequence (x„) 6y x n (m) := x(m + /i n ) /or m G Z, tnen x n v weakly. 

Proof. It is a straightforward from Lemma [5. 2[ □ 

Lemma 5.4. Let (x n ) be a bounded sequence in l 2 and let x G l 2 . The following statements 
are equivalent: 

(i) ||x n - xHoo > 0. 

n— >oo 

(n) x n v x m l 2 and (x n ) vanishes uniformly at infinity. 

n— ¥00 

Proof. First, observe that the implication (z) (ii) is obvious. We are to show that (n) im- 
plies (i). Fix e > 0. Then there exist mo G M and n$ G N such that |x n (m)| < £ and |x(m)| < 
e, for all |m| > itlq and n > uq. Hence |x n (m) — x(m)| < 2e, for all \m\ > m$ and n > no- 
Lemma implies that there exists nx G N such that |x n (m) — x(m)| < e, for all n>ni and 
|m| < m . Thus we deduce that ||x„ — x^ < 2e, for all n > max{no,n!}, which implies that 

||X„, -x||oo >0. □ 

n— yoo 
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The following lemma will play a crucial role in the proof the properness. 

Lemma 5.5 (Shifted subsequence lemma). Let (x n ) C l 2 be a bounded sequence. Then at 
least one of the following properties must hold. 

(i) (x n ) vanishes uniformly at infinity. 

(ii) There is a sequence (Ik) C Z with lim 4 = oo and a subsequence (x n J of (x n ) such 

k—>oo 

that a sequence (x^) defined by x&(m) := x nfc (m + Ik), for m G Z, converges weakly in 
l 2 to 5 ^ 0. 

(m) There is a sequence (Ik) C Z mi/i lim 4 = — oo and a subsequence (x nfe ) o/ (x n ) sucn 

t/iat a sequence (xj.) defined by Xj.(m) := x nfe (m + 4), /or m G Z, converges weakly to 
x^O. 

Proof. Assume that (x n ) does not satisfy (z). Then there exists s > such that for all G N 
there exists mk G Z with |rafc| > fc and there exists nk > k such that |x nfe (mfc)| > e. By 
passing to a subsequence, if necessary, we may suppose that (m,k) diverges either to oo or to 
— oo. Suppose that lim mk = oo. Let Ik G Z be defined by Ik '■— mk. Let x^ := (x nfc (n + Ik)). 

k— >oo 

It is clear that ||x fc || = ||x n J|. Since (x fc ) is bounded and since bounded subsets are weakly 
compact, by passing to a subsequence if needed, we can assume that (x^) converges weakly 
in l 2 to some element x. We will show that x ^ 0. Observe that e < |x^(0) | < K. Hence 
lim Xfc(O) = x(0) 7^ 0, since x^ — ^ x in l 2 (see Lemma [5.2j) . The same reasoning shows that 

k— >oo 

(Hi) holds if lim l k = — oo. □ 

In the remaining part of this section we will study the properties of the maps F\(x) = 
F(X, x) and Ga( x ) = Sx — F\(x) for a fixed value of parameter A G S 1 . We will consider our 
assumptions (Al)-(A4) to hold for the constant family f(A,x) = f(x) and drop A everywhere 
from the notations. For example, the derivative of G with respect to the second variable will 
be denoted by DG(x) instead of -D^G^A, x)). 

Lemma 5.6. F: l 2 ->■ l 2 , l 2 ->• \ 2 , G: l 2 ->■ l 2 and G±: l 2 ->■ l 2 are weakly continuous. 
Proof. Fix x G l 2 . Let x fc >• x. We will show that F|°(x fc ) >• F£>(x). To this end, 

fc— >oo fc— >oo 

by Lemma l5\2l it suffices to show that (F±(~x k )) is norm bounded in l 2 and p n (F±(xk)) > 

k—>oo 

p n (F±(x)), for all iigZ, where p n : l 2 — > R are the canonical projections. First observe that 
there exists M > such that ||xfc|| < M for all k G N and hence |x&(n)| < M for k G N and 
n G Z. From Lemma [4.21 we infer that 

C := sup |-D/n(y)| < oo- 

(n,y)eZxB d (0,M) 

Thus, reasoning as in the proof of Proposition 14.14 we get ||-F±°( x fc)ll — C*|| x fc|| < CM, for all 
k G N. On the other hand, since /„ > f±, uniformly on bounded subsets of M. d , it follows 

n— ¥±oo 

that the map f± : M. d — > R. d is continuous. 
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Since ~x. k (n) > x(n), we deduce that 



p n (F-(x fc )) = /^(x*(n)) ► /^(x(n)) =p„(F-(x)) 



fc— >oo 



which completes the proof that is weakly continuous. The same proof shows that F is 
also weakly continuous which, on its turn implies that both G and G± are weakly continuous. 
This completes the proof. □ 

Lemma 5.7. For the Fredholm map G = S — F the following statements are equivalent: 

(a) The restricted map Gm is proper for each closed and bounded subset D of l 2 . 

(b) If (x n ) is a bounded sequence in l 2 such that (G(x n )) is convergent in l 2 , then (x ra ) has 
a convergent subsequence in c(M. d ). 

Proof. A map G is proper on closed bounded subsets if and only if any bounded sequence (x n ) 
such that (r(x n ) is convergent has a subsequence convergent to some point of the set. Hence, 
that (a) implies (6) follows plainly from the continuity of the embedding l 2 <— > c(IR d ). In order 
to show that (6) implies (a), let (x n ) be a bounded sequence such that 

(33) ||G(x„,)-y|| >0, 

n— >oo 

where y e l 2 . Since the ball -8(0, C) in l 2 is weakly-compact we can assume that x n — x in l 2 . 
By (b), passing to a subsequence if necessary, we can assume that ||x n — x^ — > as n — > oo. 
Since, by Lemma 15761 G is weakly continuous, we have G(x n ) G(x), and consequently 

y = G(x). 

Claim 5.8. For the above sequence one has 

(34) ||G(x„) - G(x) - DG(x)(x n - x)|| > 0. 

n— »oo 

Proof. The assertion (|34"|) is equivalent to 

(35) ||F(x n ) - F(x) - DF(x)(x„ - x)|| > 0. 

n— >oo 

Fix e > 0. Then there exists 5 > such that if ||x — x||oo < 5, then 

(36) sup \Df k (±(k)) - Df k (x(k))\ < e (see Assumption (Al)). 

Let n > be such that ||x n — x^ < S, for all n > Uq. Fix n > n and fceZ. Then 
/ fc (x n (A;)) - / fc (x(A;)) - Df k {x{k)){x n {k) - x(fc)) = 
/ D/ fe (x n (A;)- S [x n (A;)-x(A;)])(x n (A ; )-x(A;))d S - / D/ Jfc (x(fc))(x n (fc) - x(fc))ds = 

jf (Df k (x n (k) - s[xn(k) - x(k)]) - D/ fc (x(A;))) (x n (A;) - x(A;)) tfe. 
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Hence 

\fk(xn(k)) - / fe (x(A;)) - D/ fc (x(A:))(x n (A : ) - x(A;))| = 

( J D/ fe (x„(A;) - s[x n (A;) - x(fc)]) - £>/ fc (x(A;))) (x^fc) - x(A;))ds 

| J D/ fc (x n (A;) - s[x n (k) - x(A;)]) - D/ fc (x(A;))| |x„(A;) - x(A;)|ds. 
Taking into account (|36l) . we obtain 

/ \Df k (x n (k) - s[x n (k) - x(A;)]) - D/ fc (x(A;))| |x„(A;) - x(A;)|ds 
Jo 

< / £ |x n (/c) — x(fc)| <is = £ |x n (fc) — x(/c)| . 

</ 

Thus, we arrive at 

||F(x n )-F(x)-DF(x)(x n -x)|| 2 

= \fk(*n(k)) ~ fk(*(k)) ~ Df k (x(k))(x n (k) - x(£;))| 2 

fcez 

< J2 £ " - x (*0! 2 = ^ 2 ||x„ - x|| 2 < e 2 (2C) 2 , 

kez 



< 



-> 



□ 



for n > no- This proves that 

(37) ||F(x n ) - F(x) - L>F(x)( Xri - x)|| - 

j 

and the claim. 

By the above claim and ( |33l) we have ||ZXx(x)(x n — x) 

(I — ?CXJ 

Fredholm operators are invertible modulo compact operators. Therefore, there exist a bounded 
operator B: 1 — > 1 and a compact operator 1 — > 1 such that Z? o DG(x) = I + K. In 
turn this implies that 



-)■ 0. By Riesz criterion, 



(38) 



|x n -x|| = \\{BoDG{*)-K){x n -x)\\ < ||(5o£G(x))(x n -x)|| + ||#(x n -x)|| < 
|S|||| J DG(x)(x n -x)|| + ||i<:(x n -x)||. 



Since a compact operator K : 1 — > 1 maps weakly convergent sequences onto norm convergent 
sequences, we infer that 



(39) 



\\K{Xr. 



-> 0. 



Thus, in view of (13"TI) - (l3l?j) . one obtains ||x n — x|| > 0, which completes the proof. □ 

n— >oo 

Given m G Z, by : l 2 — >■ l 2 we will denote the m-shift operator defined by 



(40) 
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Lemma 5.9. For any x 6 l 2 and m G Z ; p m (S^GCx.) — SkG±(x)) > (uniformly on 

>±oo 

any bounded set B C l 2 ). 

Proof. Let -B C l 2 be a bounded subset. Then there exists a constant C such that |x(n)| < C, 
for all n G Z and x G 5. Assumption (A4) implies that there exists a positive integer fio = 
n(e,B) such that |/±fc(x) — f±(x)\ < e, for k > h and a; with |a;| < C. Consequently, 

(41) |/ ±fc (x(±fc))-/f (x(±fc))| <£, 



for k > uq and xG B. Finally, taking into account (jSj) , we deduce that for any k > uq := 
h + \m\ one has 

|p m±fc (G(x) - G£(x))| = |p m±fc (F(x) - F£>(x))| = |/ m±fc (x(m ± k)) - f£{x{m ± fc))| < e, 
for all xeB. Finally, it suffices to observe that 

\ Pm (SiG(x) - S/G£(x)) | = |p m+z (G(x) - G£(x))|. 
This completes the proof. □ 

Theorem 5.10. Under Assumptions (A1)-(A2) and (AA), G: l 2 — > l 2 is proper on closed 
bounded subsets of]?. 

Proof. In view of Lemma 15.41 and Lemma 15.71 it suffices to show that any bounded sequence 
(x n ) in l 2 such that ||G(x n ) — y|| > for some y G l 2 has a weakly convergent subsequence 

which vanishes uniformly at infinity. Since (x n ) is bounded, we may assume without loss of 
generality that x n ^ x weakly in l 2 for some x G l 2 . If the alternative (ii) of Lemma [5.51 

n— >oo 

holds, (x n ) has a subsequence x Hk whose translates x fc (n) := x nfc (n + l k ) converge weakly to 
x> 0. 

Observe that ||G(x n ) — y|| = \\Si k G(x n ) — y fe ||, where y k := Si k y, and therefore 

\\Si k G{*n k ) -y k \\ < ll^ fc G(x n J -Si h G(x n )\\ + \\S h G(xL n ) -y k \\ = 
||G(x n J-G(x n )|| + ||G(x n )-y||, 

which shows that 

(42) H^G^J-yJ — ->0. 



Now let us fix m G Z. By Lemma 15.91 

(43) \p m (S lk G{x nk ) - S h G™{x nk )) | — 

fc— >oo 

and hence |p m (>Sz fe G+ (x nfc ) — y A ) >■ as well. Since 

fc— ^oo 

^(G~(x n J) = 5(x nfc (n + i fe )) - (/Hx % (n + /*))) = 5(x fe (n)) - (/+ (x fe (n))) = G^x*), 
we deduce that 

|p m (G~(x fc )-y fc )| — ->0. 

fc— >00 
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Since the sequence (G+ (xfc) — y k ) is bounded in l 2 , it follows from Lemma l572l that (x^) — 
y k ^ in l 2 . But Lemma l5T3l implies that y k in l 2 . Hence we get that G^(x k ) 

k— K30 fc— »oo k—>oo 

in l 2 . However, the weak sequential continuity of G™ : l 2 — > l 2 implies that (x^.) v 

k— >oo 

(x) weakly in l 2 , which implies that G^°(x) = 0, contradicting Assumption (AA). This 
shows that the sequence (x n ) cannot have the property (ii) of Lemma 15.51 By a similar 
arguments we can exclude the property (Hi) in Lemma [5.51 This completes the proof. □ 

6 Proof of the main theorem 

For the proof we will use an extension of Leray-Schauder degree to proper Fredholm maps of 
index introduced in [TB] under the name of base point degree. What is of interest for us is 
a very special form of the homotopy principle for this degree. As a consequence of Kuiper's 
theorem about the contractibility of the linear group of a Hilbert space, only the absolute value 
of any degree theory for general Fredholm maps extending the Leray-Schauder degree can be 
homotopy invariant. The most interesting characteristic of the base point degree consists in 
that the change in sign of the degree along a homotopy can be determined using an invariant 
of paths of linear Fredholm operators of index zero called parity. 

The parity is defined as follows: Let L : [a, b] — > $o(A, Y) be a path of Fredholm operators 
such that both L a and are invertible. It can be shown [7J that there exists a path of 
invertible operators P: [a,b] — > GL(Y,X) such that L t P t = Idy — K t , where K t is a family 
of operators with Im K t contained in a finite dimensional subspace V of Y. Such a path P is 
called a (regular) parametrix. If P is a parametrix, then L a P a and L^P^ are invertible, and so 
are their restrictions C a , Cf,: V — > V to the subspace V containing the images of K a , K b . The 
parity of the path L is the element <j(L) e Z 2 = {1, —1} defined by 

cx(L) = sign det C(a) signdetC(6). 

The above definition is independent of the choices involved. The parity is multiplicative and 
invariant under homotopies of paths with invertible end points. If the path L is closed, i.e., 
L a = Lb, then, via the identification S 1 ~ [a, b]/{a, b} we can consider the path L as a map 
L : S 1 — > $o(A, Y) and relate the parity of a closed path with the obstruction to triviality 
w x : KO(S l ) Z 2 . 

Lemma 6.1 ([7J, Proposition 1.6.4 or [T7] , Proposition 3.1). Under the above assumptions, 

(44) a(L) = wi(IndL). 

Now let us recall the construction of the degree. A C 1 -Fredholm map of index is by 
definition a C 1 -map /: O — > Y such that the Frechet derivative Df(x) of / at x is a Fredholm 
operator of index 0. 

Let O C X be an open simply connected set. An admissible triple (f, Q, y) is defined by a 
C 1 -Fredholm map of index 0, / : O — > Y which is proper on closed bounded subsets of O, an 
open bounded set fl whose closure is contained in O and a point such that y ^ f(dQ). 

The construction of [16] associates to each admissible triple (/, fl, y) and each point b G O, 
called base point, an integral number deg fe (/, fl,y) € Z called base point degree. A regular base 
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point is a point b G O which is a regular point of the map / (i.e., Df(b) is an isomorphism). 
If b is a regular base point and y is a regular value of the restriction of / to Q, then the base 
point degree is defined by 

(45) deg 6 (/,fi,o)= 

where 7 is any path in O joining b to x. 

In order to define the degree for any y G Y it is used an approximation result by regular 
values (see [16] for details). If b is a singular point of /, then by definition deg b (f,fl,y) = 0. 
The degree such defined has the usual additivity, excision and normalization properties. For 
C 1 -maps that are compact perturbations of the identity it coincides with the Leray-Schauder 
degree. However the homotopy property requires a different formulation (for the sake of 
definiteness we will take y = 0): 

Lemma 6.2. Let h: [0, 1] x O — > Y be a continuous map that is proper on closed bounded 
subsets and such that each h t is a C 1 -Fredholm map. Let Q be an open bounded subset of O 
such that G" h([0, 1] x dQ). If b^ G O is a regular base point for hi := h(i, -),i = 0, 1, then 

deg bo (h , n, 0) = a{M)deg bl {h 1 , SI, 0), 

where M: [0, 1] — > &o(X,Y) is the path L o 7, where L(t,x) := D x h(t,x) and 7 is any path 
joining (0, 60) to (1, 61) in [0, 1] x O. 

Notice that a(M) is independent of the choice of the path 7 because [0, 1] x O is simply 
connected. The proof of the lemma [6721 can be found in ([151 Lemma 2.3.1]). Here we will 
need a minor generalization of the above property. 

Lemma 6.3 (Generalized Homotopy Property). Let h: [0, 1] X O — > Y be a continuous map 
that is proper on closed bounded subsets and such that each h t is a C 1 -Fredholm map. Let Q 
be an open and bounded set whose closure is contained in [0, 1] x O such that G" h(dQ). If 
bi G O is a regular base point for hi := h(i, ■), i — 0, 1, then 

(46) deg bo (h o ,n o ,0) = a(M)deg bl (h l ,n 1 ,0), 
where M is as above and Q t '■= G X | (t, x) G Q}, for t G [0, 1]. 

Proof. We will prove the lemma assuming that deg 6o (^o, ^0, 0) 7^ 0, which is the only case 
that we will need in the sequel and leave to the reader the completion of the proof in the 
general case. Since the degree of a map without regular points vanishes, being the absolute 
value of the degree invariant under homotopy, it follows from our assumption that for all 
r G [0, 1] there exists a regular base point for h T . Let C(t) := {x G X | h(t,x) = 0} fl Q = 
{x G X I h(t,x) = 0}nn. Now we will prove that the map [0, 1] 3 t h-> C{t) C Y is upper 
semicontinuous, i.e., for any point to G [0, 1] and any open neighborhood V C X such that 
C(to) C V there exists an open neighborhood U to of to in [0, 1] such that C(t) C V for all 
it e U to . Indeed, let t and V be as above. Assume on the contrary that for any e > there 
exists t £ G (to — e,t + e) H [0, 1] such that C(t £ ) fl (X \ V) ^ 0. Thus there exists a sequence 
(t n ,x n ) G Cl such that t n )• t , h(t n ,x n ) = and x n G X\V. Since ^ _1 (0) Pi Q is compact, 
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we can assume that x n > xq for some xq G X\ V. Furthermore, the continuity of h implies 

n— too 

that h(to,x ) = 0. Since (toj^o) G f2, it follows that x G C(t ) C V, which contradicts the 
fact that Xo G X \ V . 

Thus, given any point t G I = [0, 1] and an open neighborhood Vt C fit of C(t) we can 
find an open neighborhood U t of t in J such that C(i') C Vf for all t' G C/ t . Let 5 > be the 
Lebesgue number of the covering {U t | t G 1} and let = t < t\ < • • • < t n = 1 be a partition 
of / with mesh less than 5. Then any subinterval Jj = [tj_i,ij] is contained in some element 
U n of the covering and therefore C(Ii) C V Ti . This means that the graph of C\i i: which, by its 
very definition, is the set {{t,x) G O | t G ij, h(t,x) = 0}, must be contained in Jj x V^. 

Since ^ /i(f2 fl (Ij x X) \ (Jj x K-J), choosing any regular base point hi of h ti , we can 
apply Lemma 16.21 to the map h : Jj x V T . — > y and use the excision property of the degree in 
order to obtain 

deg^Vx^-nO) = deg^CV^K^O) = a(M,)deg 6i (^, K t , 0) = <x(M,)deg 6i (\, fi ti , 0), 

where Mj(t) = D x h{^i{t)) and 7^: Jj — )■ [0, 1] x is any path joining to (ti,6j). 

Now fHBI) follows from the above identities, because, by the multiplicative property of the 
parity, YYi=i a i.^i) = a {M)-, where M{t) = D x h(p({t)) and 7 is the concatenation of all paths 
7i, 1 < i < n. This completes the proof. □ 

We will need also the following result. Recall that nonempty subsets A, B of a space X 
are separated (in X) if there exists open (and hence closed) neighborhoods Ua 3 A, Ub D B 
in X such that Ua H £7^ = and UaU Ub = X. Two sets are connected (to each other) in X 
if there is a connected set Y G X with A fl K 7^ and -B fl K 7^ 0. Whyburn's Lemma (see 
[2]) says that if A, B are closed subsets of a compact space X that are not connected to each 
other, then they are separated in X. 

Now let us prove our main Theorem 12.11 

Proof. We first prove LetX = l 2 and letS = G^O) C S 1 xX.S is a locally compact space 
and in fact cr-compact, since S = |J S fl (S 1 x £>(0, £;)) . Let Co be the connected component 

fcGN 

of 7o in S. Suppose that C is bounded and let W be any bounded closed neighborhood of C . 
Since Co is a maximal connected set, A := SndW is not connected with Co in the compact space 
S nW. Therefore there exist two compact subsets K , K\ of S fl W separating the component 
C from A. Let d = dist(K , #1) > 0, and let := {(A,x) G S 1 x I d((A, x), K Q ) < l/2d}. 
Then is an open bounded neighborhood of Co in S l x X such that G(A, x) ^ on dfl. For 
simplicity, we can assume that A satisfying Assumption (A3) equals 1. Let q: [0, 1] — > S 1 be 
the identification map taking 0, 1 into 1 G S 1 . Let us consider the homotopy H : [0,l]xX-yX 
defined by H(t,x) = G(q(t),x). Clearly if is a continuous family of C 1 -Fredholm maps. Put 
Q' := p -1 (f2). By construction Q' is an open bounded subset of [0, 1] x X and H has no zeros 
on the boundary of Q'. We will apply the generalized homotopy principle to H on Q' in order 
to obtain a contradiction. For this we need to show: 

Lemma 6.4. The restriction of H to any closed bounded subset of [0, 1] x X is proper. 

Proof. Let K be a compact subset of X and let D be a closed bounded subset of [0, 1] x X. 
We have to show that (H\ D )~ l (K) is compact. To this end, take any sequence (t n ,x n ) G 
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(H\z>) 1 (K). Without loss of generality we can assume that there exist to £ S 1 and y G X 
such that 

t n > t e [0, 1] and \\H{t n , x„) - y|| > 0. 

n— too n— >oo 

Since, by Lemma H~6| the family of functions {G(-,x„): S 1 — > l 2 }„ 6 z is equicontinuous and 
if(-,x„) = G(g(-),x„), we infer that the family {if(-,x n ) : S 1 — > l 2 }„ G z is also equicontinuous. 
Now we will show that 

(47) ||tf(t ,x n )-y|| >0. 

n— >oo 

For this purpose, fix e > 0. Then there exists k > such that 

\\H(t m , x n ) — if(t ,x n )|| < e/2 for m > k and for all n e N, 
||If(t n) x„) - y|| < e/2 for n > k . 

Hence 

||#(t ,x n ) -y|| < ||F(t n ,x n ) -y|| + ||F(t n x n ) - H(t ,x n )\\ < e/2 + e/2 = e, 

for n > k , which proves fT4Tl) . 

From Theorem 15. 101 it follows that H to : X — > X is proper on closed and bounded subsets of 
X and therefore there exists a subsequence (x nfe ) of (x n ) and x G X such that ||x nfc — x|| > 0. 

fc— >oo 

Therefore, (t„ fc ,x nfc ) (to, x ) in D. Thus we conclude that (ifm) _1 (-f^) is compact, which 

k— >oo 

completes the proof of lemma. □ 

By the above lemma H is an admissible homotopy with H := H(0, ■) = H(l, ■) =: Hi. 
Furthermore, we can take b = as the base point for both H and Hi since, by (A3), 
DHi(0) = DG\(0) is an isomorphism. Now let us apply Lemma [6.31 choosing as path joining 
(0, 0) with (1, 0) the path j(t) = (t, 0). It follows then, that 

(48) deg (tf , C4 0) = a(M)deg (H 1 , Q[, 0), 

where M is the closed path of Fredholm operators given by M(t) := D x H(t, 0) = DH t (0). 
On the other hand, Assumption (A3) implies that is the only solution of Hi(x.);i = 0,1 
which is a regular point of Hi since DHi(0) is an isomorphism. By definition of the base point 
degree ([16]) and Assumption (A3), one has 

deg (# , %, 0) = dego^x, n[, 0) = 1, 

which in turn implies, by fj48|) . that a(M) = 1. But, by Lemma [6.11 and (123]) . this contradicts 
our assumption ([TT]) . 

In order to prove [ii] we observe that [i] implies that the closure of S in S 1 x X + is a 
compact space and the closure of Co in this space is a connected set intersecting both Bo and 
Boo. In order to conclude the proof of [ii] it is enough to use the following slightly improved 
version of Whyburn's lemma: 

Proposition 6.5 ([2], Proposition 5). Suppose A and B are closed and not separated in a 
compact space X. Then there exists a connected set D C X \(AU B) such that D fl A ^ and 
DnB^Q). 

□ 
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7 Example 



Now we are going to illustrate the content of Theorem 12.11 formulated in Section 2 and the 
techniques developed in this paper. Fix < a < 1 and > 1. For A = exp(i9), < 9 < 2n, 
we define a: S 1 — > GL{2) as follows 



a(A) = a(exp := 



a + (/3-a)sin (-J — - — sin(0) 

a ~ $ ■ tn\ I a \ 2 ( ®\ 



2 sin(0) a + (/3-a)cos I -J 



Then we can consider the linear nonautonomous system a = (a n (A)) : ZxS 1 -)• GL(2) defined 
by 



(49) a n (A) 



a(A) if n > 0, 
a(l) if n < 0. 



Since independently of A £ S 1 the matrix a(A) has two eigenvalues a £ (0, 1) and /3 £ (1, oo), 
the system a: Z x S 1 — > GL(2) is asymptotically hyperbolic. We will apply our results to 
nonlinear perturbations of a: Z x S 1 — > GL(2). We compute the asymptotic stable bundles of 
a at ±oo : 

E s (+oo) = {(A, u) £ S 1 x M 2 | u = t(cos(0/2), sin(0/2)), A = exp(^), t £ R}, 
E s (-oo) = {(A, it) £ S 1 x M 2 | u = (t,0),t £ E}. 

Thus i? s (— oo) is a trivial bundle and hence oo)) = 1. In order to compute wi(£' s (+oo)) 

we notice that = (cos(6 l /2), sin(6 l /2)) is a basis for £'|(+oo) which is the fiber of the pullback 
£" of E s (+oo) by the map p: [0, 2iz] — > S* 1 defined by p(6 ) ) = exp(z'6 ) ). Since v = (1,0) and 
t> 2vr = (—1,0), the determinant of the matrix C arising in ffTUl) is —1. Hence wi(E s (+oo)) = 

Let us consider the family L of operators L\ defined by 



L A (x)(n) 



— a(A)x n if n > 0, 

— a(l)a; n if n < 0. 



Then Remark 13 . 4l implies that Ker L\ is isomorphic to E S (X, +oo)r\E u (\, — oo). But E u (— oo) = 
{(A, w) £ 5 1 x ]R 2 | u = (0,t),t £ M} and hence a nontrivial intersection arises only for 9 = tt, 
i.e., A = —1. Thus Ker La ^ {0} only if A = —1. Theorem 13.21 implies that L\ is a Fredholm 
operator of index: ukI(La) = dimL s (A, +oo) — dimi? s (A, — oo) = 1 — 1 = 0. Hence we infer 
that L\ is an isomorphism for A ^ -1, since Ker La = {0}, for A ^ —1. 

Let h: Z x S 1 x M 2 — > M? be a continuous family satisfying Assumption (Al) and 

(A2') D x h n (X, 0) > uniformly with respect to A £ S 1 ; 

n— >±oo 

(A3') for any x £ M 2 and A £ S" 1 , h n (X,x) > h±(\,x) (uniformly with respect to any 

n— ¥±oo 

bounded set B C M 2 ), and the following two difference equations x n+ i = a(\)x n + 
h±(\,x n ) admit only the trivial solution (x n = 0) n ez, for all A £ S 1 ; 
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(A4') for some Ao G S 1 \ { — 1} we have that D x h n (Xo, 0) = 0, for all n G Z, and the difference 
equation = a(X )x n + h n (\ ,x n ) admits only the trivial solution (x n = 0) n£ z- 

Now it is easily seen that whenever the nonlinear perturbation h verifies (Al) and (A2')-(A4') 
then the family f = a + h satisfies all the assumptions of Theorem 12.11 Therefore it must have 
a connected branch of nontrivial homoclinic solutions joining To with Too- 
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